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SELECTION CRITERIA FOR OVERLAPPING BINARY MODELS

1. INTRODUCTION

This work focuses on the analysis of model selection criteria within the framework of Binary
Choice Models (BCM). In a general context, Vuong (1989) distinguishes between nested,
overlapping and non-nested models. Following this classification, we are interested in the
overlapping BCM, and we can say that two binary models are overlapping if both have the
same functional form (both probit or both logit) with some common explanatory variables
and other specific variables. If we compare overlapping models, it can happen that they were
equivalent or one of them better than the other (non-equivalent).

Although the Hypothesis Testing procedures (HTP) are very used to discriminate between
models, they only allow us to choice between pairs of models. Against them, the selection
criteria allow us to select the best model among a quite large set of them. This is an important
advantage in empirical econometric works. The latter approach allows researchers to express
their objectives in the form of a loss function, or by using discrepancy concept'. For non-
linear regression models, which is our framework, the procedures developed by Vuong
(1989), Pesaran and Pesaran (1993) and Santos Silva (2001) belong to the first category
(HTP). The second category involves the well-known AIC (Akaike, 1973) and SBIC
(Schwarz, 1978), where the discrepancy is obtained from the Kullback Leibler distance.
Additionally, the use of the Mean Square Error of Prediction as a discrepancy allows us to

derive another criterion, denoted as C, (see Aparicio and Villantia (2007)).

Many works have studied the behaviour of selection procedures in linear regression models.
However, this subject has been less analysed in a non-linear regression context, and the
nested framework is nearly always assumed (Kim and Gavanaugh (2005) and Van der
Hoeven (2005)). Specific references for discrete choice models are Aparicio and Villanua
(2007) for nested models and Monfardini (2003) for non-nested models.

In this paper, the competing models we select from are overlapping models. The purpose is
to investigate the discrimination power of some model selection criteria assuming two
situations: 1) At least one of the models is correctly specified; ii) Neither of the models are
correctly specified. According Bierens (1994), a well- specified model can include irrelevant

variables together the set of regressors of the Data Generating Process (DGP). In our opinion,

! As Linhart and Zucchini (1986) and Lavergne (1998) established, the discrepancy concept is a particular case
of loss function
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the second situation is the most interesting in practice but the least studied in the literature.
Given that in this case none model is well specified, we can’t consider consistency as the
condition making a given selection criterion adequate. The requirement we propose is that the
criterion selects the closest model to the DGP. This same condition will be used when one of
the models was correctly specified, which is identical to demand consistency.

The article is organised as follows. In Section 2 we establish the general context, in
Section 3 we study the theoretical behaviour of the criteria. Section 4 presents a Monte Carlo

experiment and conclusions are presented in Section 5.

2. THE THEORETICAL FRAMEWORK

Our framework is made up of a pair of overlapping models which we define in general terms

as follows:
MI1: p, =F(ay)
M2: p, = F(bo) (1)

where F(-) is the cumulative distribution function (c.d.f) , which can be normal or logistic,
leading to the probit model or the logit model, respectively. The two competing models have

the same c.d.f, that is to say, both are probit, or both are logit; a and b/ are the 1xk and
1xk, explanatory variables vectors of M1 and M2, for the i-observation, with i=1,...,N; »

and J are the corresponding parameter vectors. Given the definition of overlapping models,
it is satisfied @' ¢ b’ and b’ ¢ a’, and both vector have some common variables.

The DPG is denoted as:

MO: p, =F(x5") 2
where the explanatory variables vector X/ is 1xk,, and B’ is the true parameter vector
k, x1.

For the purpose of ordering the competing models, the relationship of each of them with the
true model (DGP) must be established. To achieve this, we use the Kullback-Leibler distance
(KLD) to the DGP, which is written as follows:

KLD (MO, Mj) = E, In {%} (j=1.2) 3)

]

being f; the density function of the DGP and f; corresponding to model M;.
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The parameter vector that minimises the distance of Mj to MO is called the pseudo-true
parameter vector, and is denoted by " and 6" for M1 and M2 respectively (see White
(1982)).

From (3), we can write:

KLD (M0, M1) - KLD(MO,M2) = E, [In f(y|b, 5)]- E, [Inf(y|a, y")]
=E, [ -] “4)

If (4) is positive, then M2 is preferred to M1 and the opposite occurs if (4) is negative. If (4)
is null, it means that the two specifications are equivalents.
Now, the set of situations to analyse is derived by combining two aspects:

a) The information about the DGP (variables and parameters).

b) The regressors of the competing models.

We assume that the DGP given in (2) is:

MO:p, =F (B, +BX;+BXy) (5)
and the resulting cases are:
Case 1: Neither of the competing models is exactly the DGP. In this context we can consider
three alternatives:
Alternative 1.1:

ML: p =F(y, +7,%; +7,%; +djy;)

M2: p, = F(5, +J,X; +0,%X,; +05Z;) (6)
Alternative 1.2:

ML: p, =F(yy + 7, X +7,%; +73W,)

M2: p, =F(5,+9J,X; +9,7;) (7)
Alternative 1.3:

M1: p; =F(y, +7,%; +7,W,)

M2: p, = F(5, +,%,; + O,W,) (8)
where d/,z, and w, are the additional variables of the competing models. Given that d isa
vector and z, only one variable, it is satisfied thatz, & d .

In alternative 1.1, the DGP is nested in both models M1 and M2. In alternative 1.2 the DGP is
nested in one model (M1) only, while in the third alternative the DGP is not nested in any

model. According Bierens(1994), in alternative 1.1 both models are well-specified, while in
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alternative 1.2, only model M1 is correctly specified. In alternative 1.3 neither of the models
is correct.

Case 2: One of the competing models is the DGP.

M1: p, =F(y, +7,%i +72%)

M2: p, =F (5, +d,X; +0,Z;) 9)
This last framework is a particular case of alternative 1.2, given that M1 is well-specified
because it is exactly the DGP.
In order to derive a selection criterion, a discrepancy must be defined. If we consider the
distance of Kullback Leibler (Linhart and Zucchini (1986)) as a discrepancy, we obtain the
well-known AIC and SBIC:

>

ok

AIC (Mj) = ——L 4+ 10

Mj) R (10)
1, Kk log(N)

SBIC (Mj) = -+ ="/ 11

Mj) N2 N (11)

where 7 ; denotes the log-likelihood of model Mj, evaluated at the corresponding vector of

estimates, and K; is the number of parameters of such model.

Now, if we consider the Mean Square Error of Prediction as a discrepancy, it leads to

obtaining the criterion we call C,, which is written as follows:

. SSD,( 2k
C,(M)) = N’[H—’j (12)

N
where SSD; is the squared sum of the differences between the binary variable and the

estimated probability with model Mj. The proof of (12) is developed in Appendix 1.

The model having the criterion with the lesser value is chosen, so different criteria can lead to
different choice.

As we previously mentioned, our objective is to analyse the theoretical behaviour (in an
asymptotic context given that it is the only framework where we know the properties) of the
selection criteria. To do that, we must obtain the probabilistic limits plim(R(M1)) and
plim(R(M2)), with R being a given criterion. These probabilistic limits let us know which
model the criterion chooses, and compare that choice with what it should have chosen given

the true relationship between the competing models (both equivalents, or one better than the
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other). This is our definition of an adequate criterion: one which selects the model closest to
the DGP.
3. THEORETICAL BEHAVIOUR OF THE SELECTION CRITERIA

In order to analyze the asymptotic behaviour of R(M1) — R(M2), we must first specify
this difference for each criterion and for every case.

For the AIC criterion, we use (10) to obtain:

A

N
AICMD) = - 3 [y log F(@7) + (1 y,)log(1— F(af))] + kﬁ -2y kﬁ (13)
i=1
N ra ra kz / 2 kz
AIC(M2) = - Y[ y; log F(58) + (1-y) log(1-F ()| + & =- 2 + 2 (14)
i=1
Similarly, the corresponding expressions for the SBIC criterion are:
N
SBIC(M1) =- [y, log F (@) + (1 y,) log(1- F(a7))] + k?“’gN&
i=1
=_ 1 4 ﬁlogﬂ (15)
N 2 N
N A A
SBIC(M2) = - [ y, log F(b/3) + (1 -y, log(1 - F(5/3)) | + %k’g’\lﬂ
i=1
__ b + k, log(N) (16)

N 2 N
From (13) to (16) we can see that AIC criterion differs from SBIC criterion only in the
correction factor. As we consider the criteria jointly, we denote them as Information Criteria
(IC); we only study AIC and SBIC criteria separately when the correction factor is relevant.
Finally, for the C, criterion we obtain:

Cz(Ml)zﬁz ~F(@7)) 2{:1 > (y, ~F(@ap)) = %(H%] (17)

i=1 i=1

C. M2 = — > (v -Fbd) + 22 3 (y-Fed) = =2 [H%) (18)

i=1 i=l
We make the following assumption for the cases 1 and 2 established in the previous section :
(A.l) The x/, a and b’ vectors are non stochastic. The variables of these vectors have
sample means and variances with a finite limit.

Additionally, some of the derivations we will carry out need to take the following lemma into

account:
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Lemma 1 (Newey and McFadden 1994, p.2156):

“If z; is 1.1.d., a(z, @) is continuous at €, with probability one, and there is a neighbourhood

['of 6, such that E [sup,

a(z,0)|1 < o, then for any 0—L> 0,
N ~

N> a(z,0) —— E[a(z,6,)]”.
i=1

Instead of z,, our variable is Y,, which is not i.i.d., but heterogeneous (non-identical means

and non-identical variances). This fact changes the conclusion of the lemma in the following

SENSe:

N’lzN:a(zi,é)—"> E&ia(zi,eo)} (19)

i=1

The proof of (22) is based on a Law of Large Numbers for heterogeneous variables.”

3.1. Alternative 1.1

As we can see in (6), the competing models are:
M1: p, =F(y, + 7%, +7,%; +dia) =F (ay)
M2: p, =F(J, +9,X,; +9,%; +5,,) =F (b'd)
in such a way that the DGP is nested in both M1 and M2 models. According to Kohn (1983),

the following results of convergence can be deduced:
gty =" (20)
5§25 =p" 1)
where B° is extended with elements equal to zero in the places corresponding to the

variables that are not included in the DGP, that is to say, (8°" ) = (A" | 0).

The convergence results (20) and (21) allow us to conclude that both specifications are
asymptotically equivalents.

From (4), the following result is satisfied if M1 and M2 are equivalent:

? This Law can be expressed in the following terms (Davidson 2000, p. 41):
“Let the sequence { Yy, — 1, } be independent with E (y;, — 1) =0.

N

IFE |y, —p; ["°<B<o Vi with 8> 0, then (Y, — 11,) —2>0".

1
=
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f (ai % )
which can be written as:

E, [Yi logF (b/5")+(1-Y,)log(1-F (b{&*)ﬂ ~E, [Yi logF (ajy")+(1-Y))log(1-F (a;y*))}
(22)

E, llogLi?:)] =0

or equivalently:

F 1-F,
E,| Y. log—~+(1-Y )lo L1=0
Vo1 oz

where, F, =F (a{y*) and F,, = F(bi'ﬁ*).

We know that E(Y,)=F (Xi’ﬂo) and we callF, = F (X{,BO) , so the expression of (22) is:

[Fm log%+(1— F, )log :_E“ }zo (23)

2i 2i
The following definition establishes what the behaviour of the criteria should be in order to
detect the equivalence relationship between the competing models.
DEFINITION 1. Given two models M1 and M2 which are equivalent, a selection criterion
(R) is adequate if:
plim [ R(MM1)] = plim [R(M2)] (24)
that is to say, the criterion can select either one.

Next, we analyze the behaviour of each criterion.
e Behaviour of the information criteria

We deal jointly with AIC and SBIC, so:

£ Ke(M1)

ICM1)=——L4+-N
N N 25)
%2 KN(Mz)

IC(M2)=—W+T

logN for the SBIC criterion.

where K (M j) is the correction factor: K; in AIC, and K,

Given definition 1.1, we need to obtain the probabilistic limit of IC(M1) and IC(M2). If the
IC criteria perform adequately, then plim(IC(M1) = plim(IC(M2). To reach this, we use the

expression:
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leﬁzj“[v log F (a7)+(1-Y,)log(1-F (a7)) | (26)
Lo = L3 [Ytog  (65) (1,1 F 15

Now, we use Lemma 1 to obtain the following convergence results:

Wl_)ﬁi o[ Yilog F (a7 )+ (1, log (1-F (ay°))] -
WQ—%ZN; E, |, log F (/5" ) +(1-Y, ) log (1~ F (5" |

Ky (M,
Given that—- ( J) P50, definition 1 will be satisfied if the two convergences of (27) are

the same, in other words, if satisfied:
1 1
Wz E, [ Y logF; +(1-Y,)log(1-F;)]= Wz E, | Y logFy +(1-Y,)log(1-Fy ) |
i=1 =l

or similarly:

1 F, (1-F)

— F, lo +(1-F,;)lo =~ =0 (28)
N 2| Fnloe g +(1-F) S1-F,)

This result is always true, because our starting point was that M1 and M2 are equivalent

models so expression (23) was satisfied. Now, we can observe that (23) and (28) are

identical, and affirm that
plim[IC(M1)] = plim[IC(M1)] (29)
meaning that the Information Criteria AIC and SBIC behave adequately under conditions of

alternative 1.1.

Note that the correction factor establishes the convergence rate to achieve the equality (29).
7, 7,

From (27), and given (20) and (21), we obtain that plim _W = plim _W The two

expressions of (25) have the same probabilistic limit, but the convergence rate to achieve (29)

) (M) . | |
epends on the limit of N For the AIC criterion, K (M j) is 0(log(N )), while for

Ku(M))

the SBIC criterion the same term is 0( N ), SO for AIC converges to zero faster than



DTECONZ 2012-01: M. T. Aparicio & 1. Villanua

for SBIC. Then, for finite sample sizes, the SBIC will select the model with fewer parameters

Ky (M,
(k;) more times, because ¥ will converge slower than in the AIC criterion.

Ky (M.
If we now focus on only a specific criterion (AIC or SBIC), the convergence rate M

allows us to conclude that the criterion, for finite sample sizes, will choose the model with

less k|, because the correction factor will converge to zero more slowly.

In other words, the IC criteria take into account the parsimony principle and in a more
marked way in the SBIC criterion.

e Behaviour of the C, criterion

From (17) and (18) we know the expressions for SSD, and SSD,, and applying Lemma 1, we

obtain:
N iEO(yi - F(ai'V*))z
ssb 1 @) e i
NN 2imF@n) —— S (30)
N i Eo (yi - F(bi’é‘*))2
SSD, 1 , =
VoW 2 mFed) = S 3D

Taking into account expressions (20) and (21), we can see that the limits of (30) and (31) are

2k.
equal, that is to say, plim(%j = plim(SSI\ID2 ] ; additionally, the terms (1+Wjj (G=12)

converge to 1 when N — o, so we can conclude:
plim[C,(M1)] = plim C, [(M2)] (32)
meaning that the C,criterion behaves well in this context. The converge rate is different

between M1 and M2 when k; #k,. The term W’ is o(N)and converges to zero faster for

models with less k ;-

Conclusion of Alternative 1.1: The three criteria we have analysed satisfy definition 1,

meaning their behaviour is good.

3.2. Alternative 1.2

Now the competing models are those given in (7):

10
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M1 py = F(ry + 7% +7:%; +73W) =F (&)
M2: p,=F(5,+9,x,+9,z) =F (bo)
As we can see, the family of models containing the DGP is nested in model M1 but not in
M2, so the estimated parameter vector 7 converges to the true parameter vector, but not & .
In other terms:
y—Ltoyt =g (33)
5—L 5" #p% (34)
so it is obvious that M1 is closer to the DGP than M2.
The following definition establishes how a criterion considered adequate should behave if
one of the competing models is better than the other.
DEFINITION 2. Given the models M1 and M2, where M1 is closer to the DGP, a selection
criteria (R) is considered as adequate if it satisfies:
plim[ R(M1) ] <plim[ R(M2) ] (35)
That is to say, if it tends to select M1.
From (4), if M1 is closer to the DGP than M2, then:

f(ay")
E|lo >0 (36)
[ T (o)
Following a derivation similar to (22), this “superiority condition” of M1 versus M2 can be
written as:
F. 1-F,
F,log—-+(1-F,)lo L1>0 37
{ ilog (=Fy) gl_FJ (37)

e Behaviour of the information criteria
Following definition 2, the Information Criteria are adequate if:
plim [IC(M1) ] < plim [IC(M2)] (38)

In other terms, we must obtain:

L1 Ky (M) |, Ky(M2)
pllm{ N+—N }<p|lm{ N+—N } (39)

Ku(M))

Given that P50, expression (39) will be satisfied if:

11
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[ 7,
pllm(N}> pllm[N) (40)

Using the convergence results of (27), we express (40) as follows:
N

ﬁz [Yilog R, +(1-Y,)log(1-F, |> ZE[Y log Fy; +(1-Y;)log(1- F,) |
i=1

or

1-F,
Z[ 1ogF +(1- i)1og1 F“}o (41)

2i i
When M1 is closer to the DGP than M2, condition (37) is always satisfied. Now we observe
that expression (41) is identical to (37), so we can affirm that the IC criteria satisfy (38),

which is the condition for an adequate criterion.

e Behaviour of the C, criterion

The convergences in probability (30) and (31) are satisfied in this case but, according to

conditions (33) and (34) (y° = o ), pIim(%j # plim(SSNDzJ and then,

pIim[C2 (Ml)] # pIim[C2 (Mz)]. In order to analyse which of the limits is the largest, we

focus on expressions (30) and (31).
In (30), we use E,(y,)=F(x/4°) and F(ay")=F(x/3"), resulting in:

N N N

YEM-R) Xvary) YR (
i=1 — =1 — _i=l (42)
N N N

However, the limit given in (31) F(b/d") is different from F(x/3°), so we have:

Z:Eo(Yi_in)2 Z[E (Y.)"‘ 2inEo(Yi)}

i=1 — =1

N N

Given that E, ( Y. ) =Var (y;) +[E,(y;) I, we obtain:

ZEO(yi_FZi)2 ZFOi(l_FOi) Z[Fo
i=1 — =1 + i=1 (43)
N N N
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From results (42) and (43), we conclude that:

N
F.(1-F,
SSD, , | 2 Fu(FR) _h
N ’ N !
N N 2
SSD z I:oi (1_ I:oi) _ [Foi - in]
2 Py -l 4=t :hl+h2
N N N
with h, and h, positive terms, so plim(%j< plim(ssl;\llz)2 j

2k
Therefore, taking into account that the terms (l +W’j (j = 1,2) converge to 1 when N — oo,

we conclude that

plim[ C,(M,) ] < plim[ C,(M,) ] (44)
and that the C, criterion satisfies (35), which means it is adequate.

Conclusion of Alternative 1.2: All the criteria satisfy definition 2.

3.3. Alternative 1.3

The competing models are given in (8):

ML p = F(y +7.X; +7,W) =F (&)

M2: p, = F(5, + %, +9,W,)=F (bo)
Given that the family of models corresponding to the DGP is not nested in any of these two
models, the convergence results for the estimates parameter of both models are:

gLyt pY (45)

55— 5" = p% (46)
Unlike the other scenarios previously considered, this result establishes that there is no
theoretical information for knowing if the distance of M1 to the DGP is the same as that of
M2 (it would mean that the models are equivalent), or one model is closer to the DGP than

the other (which would mean that one model is better than the other).

According to Vuong (1989), there are two possible situations:
a) f(Y;y,a)="f(Y;;8",b), that is to say, the density functions of Y, in M1 and M2

evaluated at the corresponding pseudo-true parameter vectors are observationally

13
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identical. As Vuong (1989) shows, it implies that M1 and M2 are equivalent

specifications.
b) f(Y,;7",a)# f(Y;;07,b). In these situations the models can be equivalent or non-
equivalent, which means that E, [[{] =E, [Q] or E, [[{] # E, [ﬁ ’;] , respectively.
The definition of an adequate selection criterion depends on the specific scenario. So, if the
models are equivalent, we must give credence to definition 1 (expression (24)), while we will
use definition 2 (expression (35)) if one of the models is closer to the DGP than the other one.
Now, we analyse each of these situations.
a) The density function at the pseudo-true parameters are observationally identical
(F(Ys778)=1(Y;07.b)).

In general terms the density function of a binomial variable, like Y, 1is

f(Y)=(p)" (1-p;) " Then, for Y,=1, the density is p,(=F(s)), and if Y,= 0, it is (1- p,).

It means that the densities of Y, in M1 and M2 will be equal if F(a’y")=F(b'5"). The

convergence results (45) and (46) show that y"#J" and both are different from f°, so
a'y" =b'6" must be true to arrive at the equality F(a/y") = F(b/07).
We now analyse whether or not the criteria satisfy definition 1.

e Behaviour of the IC criteria

We know that M1 and M2 are equivalent, that is to say, E, [ﬁﬂ =E, [6’;] which means that

expression (23) is always satisfied. This situation is similar to that of alternative 1.1, with the
only difference being that now p #6". In spite of this inequality, to arrive at
pIim(IC(Ml)) = pIim(IC(MZ)) expression (28) must hold, which is true because (28) and
(23) are identical.

e Behaviour of the C, criterion.

Application of Lemma 1 establishes that convergences given in (30) and (31) hold, but under

(45) and (46) and using a development similar to that used to obtain (43), we have:

iE(yi_F(a;y*))z iFOi (I_Foi) _NZl[FOi_Fli]z

i=1 — =l |

N N N
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iE(yi_F(b{é‘*))z iFOi (1—Foi) i[Foi_in]z

i=1 — =1 + i=1

N N N

The convergence limits in this case are:

N N
SSD _ I:'oi (1_ I:oi) Z[Foi - Fli]2
L_ P 5 1= 442 =h+ h, (47)
N N N
N N 5
SSD FOi (1 - FOi) Z[Foi - in]
2_b, © + = h+h  (@48)
N N N

h (i=1, 2, 3) being positive constants.

Now, we need to know which of the two previous convergence limits (47) and (48) has the

largest value, in other words, the relationship between h, and h,.

Given that the starting point is the equivalence of M1 and M2, we should have h,=h, in order

to obtain adequate behaviour of the criterion. As we commented previously, the equality of

the density functions at the pseudo-true parameters makes F, =F,,, so we can affirm that

h=h,.

Then we can conclude that plim [Cz (M, )] = plim [Cz (M, )] meaning this criterion performs

adequately.

b) The density function at the pseudo-true parameters are observationally different

(f(Ysr,a) = 1(Y,;07,b)).

Similarly to a), we conclude that F(a/y") # F(b/0") . Under this condition, the two following

situations can be found.

b.1) Equivalent models.

In this case, E [(’1‘] =E [[ﬂ , which means that equation (23) is always satisfied.

e Behaviour of the IC criteria

We are again in a situation similar to alternative 1.1. As we have already shown, the

condition for concluding that the IC criteria are adequate (expression (28)) is the same as

15



DTECONZ 2012-01: M. T. Aparicio & 1. Villanua

expression (23), which defines equivalent models. Therefore, we see that the fact that
y" #0 ,and even that F(ay") # F(b'6") doesn’t affect the results.
e Behaviour of the C, criterion.

We know F(a{y*);t F(bi'é*) as well as the probability limits plim(—ST\IDlj and

plim ( SSND2 ) , which were given in expressions (47) and (48). Analogous to alternative 1.3.a,

to obtain adequate criterion we must conclude that h;=h, , or in other terms

N

Z[Foi - F1i]2 Z’:‘l:[FOi - in]2

i=1 —

N N

(49)

The only possibility for achieving equality (49) is that, on average, [F) — F,;]=—[F; —F,].
which is equivalent to 2F;, = F, + F,;. If this happens, the C, criterion will behave correctly.

The Monte Carlo experiment will allow us a more specific analysis of the behaviour of the

criterion.

b.2) Non-equivalent models.

e Behaviour of the IC criteria
Assuming that M1 is closer to the DGP than M2, results (36) and (37) are satisfied. If the IC
criteria are adequate, definition 2 establishes that plim [IC(M1) ] < plim [IC(M2)], which is
given in (38). The development is identical to that of alternative 1.2, with the difference that
now neither y* nor §° converge to S°. In spite of this difference, we can conclude that the
IC criteria behave correctly.

e Behaviour of the C, criterion.
We know that F(a’y") = F(b'8"), and taking the probability limits obtained in (47) and (48),
we conclude that if C, behaves well, plim[C,(M1)] < plim[C, (M2)], which means that h,
<h, . Then, we must prove:
N
Z[Fm - Fli]2 Z[Fm - in]2

i=1 < i=1 50
N N (50)

Or equivalently:
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_NZI[FOi _Fu]2 i[FOi _in]2

: - = <0 51
N N (51)

We analyse the behaviour of a “typical individual”, and afterwards we will represent an
“average behaviour”.
Given that M1 is closer to the DGP than M2, we use the equation:
KLD (MO,M1) < KLD(M0,M2)
which, from (4) we can express as:
E, (¢, -0, ]1=E,[¢,]- E,[¢,1<0
that leads to expression (37). If we eliminate the logarithm of (37), the superiority condition

of M1 to M2 results in:

E Foi E 1-Fy; = Foi = 1-Fy;
R I I LT N ] (52)
in 1- in in 1- Fli

We want to know the combinations of F;, F, and F,; which allows (52) to be satisfied.
First, we will study the case where F has the value 0, 0.5 and 1, and afterwards we will

analyze what happens in the intervals (0, 0.5) and (0.5, 1).
= FOi =0.
Expression (52) becomes:

1-F,

1> =>((I-F)>0-F)=>F <F;

Tl
concluding that if F; =0 and M1 is better than M2, the following inequality is satisfied:
FOi < I:1i < I:2i (53)

= Foi=1.
In this case (52) can be written as:

i>1:>F1i>|:2i

2i
and we can conclude that, for F; =1 and M1 better than M2, the following inequality holds:
FOi > I:1i > I:2i (54)
= Foi=0.5.

In condition (52), both sides of the inequality have the same exponent, enabling the

expression:
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D> 2 S F (1R ) > By (1-F) = FE-Fi < Fy - Fy

2 li
=(F;-F,) (F,+F,)<F, -F, (55)
Inequality (55) holds in two situations:
a) If F, > F, and (F,+F,) <1 (56)
b) If F, <F, and (F;+F,)>1 (57)
soif F; = 0.5 and M1 is better than M2, one of the two inequalities, (56) or (57), will be

satisfied.

Now, for the three situations considered, we can verify if the C, criterion performs well, that
is to say, if expression (51) is hold. First, (53) and (54) lead to the conclusion that h, < h,, so
C, satisfies definition 2. Secondly, if F; = 0,5 and (56) or (57) holds, the development of

(51) allows us to obtain:

Mz

[( in)[F]i +in _2F0i]]
N

1l
—_

<0 (58)

or equivalently:

Mz

> [(Fi =R [Fy +Fy 1]
N

1l
—_

<0 (59)

If (56) or (57) holds, then (59) is verified and definition 2 is again satisfied. In summary, we

can say that when F; adopts values 0, 0.5 or 1, the C, criterion establishes that model M1 is

closer to DGP than model M2, which is the correct result.
The study of the superiority condition of M1 when F;, € (0, 0.5) or (0.5, 1) is developed in

Appendix 2. The obtained results, that is to say, the combinations (F,,F,,F, ) which

satisfies the superiority condition are:

I:]i < I:2i y I:li + I:2i >1
—- F; (0,05 R, >F, v F+F, <1 vy F;=05 (60)
F.<F, v F+F,<1 y F,;=0

0i —

I:li > I:Zi y Fli + I:Zi <1
- F,e 05, 1)sF,>F, y F+F,>1 vy F,=1 (61)
F.<F, v F,+F,>1 y F;=05
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For every combination of (60) and (61) the following is obtained:

y [(F]i - in)[F]i + in _2F0i]]

plim[C, (M1) - C, (M2)] = - v <0

so, the C, criterion behaves adequately, according to definition 2.

Conclusion of Alternative 1.3: The study of all the situations included in this alternative
leads us to conclude that the three selection criteria perform well. The only exception is the

behaviour of C, for equivalent models with non-identical densities at the pseudo-true

parameters. In this case, such criterion behaves adequately in only specific situations.

3.4. Case 2

Turning to (9), the competing models are:
ML p =F(r, +7.% +7,%) =F (a(y)
M2: p, =F(5,+9,X; +9,2)=F (b/o)

so M1 belongs to the model family that includes the DGP; in other words, M1 is correctly

specified.

In this situation, the convergence results for the estimated parameters are:
gLty = B (62)
S—P55 =% (63)

Under this framework, a given criterion will be adequate if definition 2 is satisfied, or
equivalently, if the criterion tends to select M 1.
This case is similar to alternative 1.2 when M1 converges to the DGP while M2 is further

from it. Then, the results we obtain are the same as that of this alternative.
Conclusion of Case 2: The three criteria perform well.

The theoretical results we have obtained are summarised in Table 1.
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Table 1: Summary of the behaviour of the criteria.

Alternative 1.1)

Relationship Relationship Behaviour
between DGP | between M1 and
and Mj M2
(=12
IC C,
DGP nested in Mj | Equivalent plim [IC(M1) -IC(M2)]=0 plim C, M1)-C, (M2)] =0
(=12 Adequate Adequate
(Casel,

DGP only nested
in M1

(Casel,
Alternative 1.2)

M1 Dbetter than
M2

plim [IC(M1) -IC(M2)] <0
Adequate

plim[C, M1)-C, (M2)] <0
Adequate

DGP not nested in
Mj(=1,2)

(Casel,
Alternative 1.3)

Identical
densities at the
pseudo-trues =
Equivalent
models.
(Situation a)

plim [IC(M1) -IC(M2)]=0
Adequate

plim[C, M1)-C, (M2)]=0
Adequate

Non identical
densities at the
pseudo-trues, but
equivalent
models.
(Situation b.1)

plim [IC(M1) -IC(M2)]=0
Adequate

plim[C, M1)-C, (M2)]=0
Adequate in some cases

Non identical
densities at the
pseudo-trues and
M1 better than
M2.

(Situation b.2)

plim [IC(M1) -IC(M2)] <0
Adequate

plim[C, M1)-C, (M2)] <0
Adequate

DGP € M1
(Case 2)

M1 correctly
specified

plim [IC(M1) -IC(M2)] <0
Adequate

plim[C, M1)-C, (M2)] <0
Adequate

4. MONTE CARLO EXPERIMENTS

The objective of the Monte Carlo experiments is twofold: confirm the theoretical results and

study the behaviour of all criteria in finite samples.

Within our framework, the models we specify attempt to explain binary variable y;, and for

every estimated model we obtain the numerical value of the selection criteria which were

theoretically analyzed in the previous sections. Additionally, we must specify the DGP which
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generated the values of the response variable y;. The generation of this variable is based on

the latent linear model which underlies any binary model:

yi =Xp+4, (64)

where Y is a latent variable (not observable) and depends on y; through:
y {1 if y'>0

oty <o

Under assumption (A.1) of Section 3, and following the procedure of Gourieroux et al.

(65)

(1987), we obtained the values of y,. We considered different sets of parameter values and

different kinds of explanatory variables (continuous and dummy). We chose the standard
normal distribution function for the error term implying exclusive focus on probit models.
We established two sample sizes N = 200 and 2000 and we carried out 500 replications (R)
for each experiment. In each replication, we changed the error term to generate different
series of the latent variable underlying the response variable. Additionally, we fixed the
intercept at a value of -2, which allowed minimize the troubles associated to a non-adequate

number of ones in the sample of Yy, ; too few or too many ones can lead to problems when

estimating and interpreting results.
The experiments attempt to verify the theoretical results summarised in Table 1. We

estimated M1 and M2 500 times (there are 500 samples of'y,) for every experiment. The

corresponding tables present the number of times that each criterion selects M1.

MONTECARLO EXERCICE FOR CASE 1, ALTERNATIVE 1.1

The first set of experiments is focused on alternative 1.1, where the DGP is nested in both
competing models, M1 and M2. We distinguished two scenarios in order to take into account
that the two modes can include different numbers of explanatory variables. The framework is:

Ml=p, = F(70+71X1i+72xzi+73wi)

Scenario A:
M2=p =F (50 +0,X; +0,%,; +53zi)

Ml=p, = F(7o+71x1i + 72X +75W, +74Si)
M2=p, =F(6,+6,X; +6,%,; +5,Z;)

PGD: p, = F (B, + BX; + X )

For variables X, and X, we considered the following combinations:

Scenario B:

21



DTECONZ 2012-01: M. T. Aparicio & 1. Villanua

)X, X, ~ U(0,1), i) X, ~ U(0,1), X,~yx , iii) X, X, ~ x ,iv) X, ~ 7 X,~dummy.
Variables W, z and s are generated as U(0,1), N(3,1) and >, respectively.

Tables 2 and 3 present the results for N = 200 and 2000, respectively.

As we can summarize in Table 1, models M1 and M2 are equivalent, so a given criterion
behaves well if it is indifferent to selecting one model or the other one. This means that the
number presented in each cell of Tables 2 and 3 should be around 250 (50% of 500 times).
This is the behaviour we observe for scenario A for each criterion, and for every sample size
considered. However, if we consider Scenario B, where M1 has a higher number of irrelevant
regressors than M2, we can see that the criteria tend to select the model with fewer
parameters, that is to say, it selects the more parsimonious model (M2), and this tendency
grows with the sample size. The most parsimonious criterion is SBIC, followed by AIC, and

finallyC,. This characteristic was explained in the previous section, so the Monte Carlo

exercise corroborates this theoretical aspect. .
Neither the kind of variables (uniform, chi-squared, normal or dummy), nor the set of values

of the DGP parameter vector seem to affect the behaviour of the criteria.
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Table 2: Behaviour of the selection criteria in Alternative 1.1. N =200

DGP Specified model
Vi X, X, w z s | AIC | SBIC C,
(-2,3,1) | U U U | NG3,1) 240 | 240 247
(-2,1,3) | U U U | NG, 259 | 259 252
(-2,1,1) | U U U | NG, 233 | 233 232
- 2 2
(-2,3,1) 7 7 U | NG, 252 | 252 240
- 2 2
(-2,1,3) 7 7 U | NG, 251 | 251 257
- 2 2
(2L | 42| 42 [U NG 249 | 249 | 270
Scenario A (23,1) | U )(2 U | N@3,1) 252 | 252 256
(2,1,3) | U )(2 U | N@3,1) 256 | 256 245
-2,1,1) | U Z2 U | N@G3,1) 247 | 247 243
(23,H) | U dm | U [ N3, 240 | 240 263
(-2,1,3) | U dmn | U [ N(@3,]D) 234 | 234 235
(-2,1,1) | U dmn | U [ N(@3,]D) 235 | 235 231
(-2,3,1) Zz dm | U | N(3,1) 242 | 242 248
(-2,1,3) ;(2 dm | U | N(3,1) 260 | 260 257
(-2,1,1) ;(2 dm | U | N(3,1) 249 | 249 249
(-23,1) | U U U | N@3,1) Zz 128 | 21 154
(-2,1,3) | U U U | N@3,1) Zz 134 | 29 165
-2,1,1) | U U U | N@3,1) Z2 139 | 24 165
- 2 2 2
(23D | 2| 2 |U [NGD| 42 | 128 |28 212
- 2 2 2
(-2,1,3) P P U | N@3,1) P 136 | 35 209
(-2,1,1) 2 2 |U [ NG, 2 | 154 |28 214
Scenario B 24 £ £
(-23,H) | U }(2 U | N@G3,1) Zz 137 |29 195
- 2 2
(-2,1,3) | U 7 U | N@G3,1) 7 136 | 26 208
- 2 2
(-2,1,1) | U x U | N@3,1) 7 136 | 28 190
(-23,1) | U dm | U | N(@3,1) Zz 119 | 34 158
(-2,1,3) | U dm | U | N(3,1) Zz 137 | 27 164
-2,1,1) | U dm | U | N(@3,1) Zz 121 | 33 164
- 2 2
(-2,3,1) 7 dm | U | N(@3,1) 7 140 | 34 200
- 2 2
(-2,1,3) 7 dm | U | N(@3,1) 7 144 | 29 219
- 2 2
2L | 5 dm | U [ N@G3.,1) 2125 |28 180
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Table 3: Behaviour of the selection criteria in Alternative 1.1. N = 2000

DGP Specified model
g [x [x (W] z s |AIC|sBIC| cC,
(-2,3,1) | U U U | NG3,1) 273 | 273 275
(-2,1,3) | U U U | NG3,1) 236 | 236 240
(-2,1,1) | U U U | NG3,1) 234 | 234 244
- 2 2
(-2,3,1) 7 7 U | NG, 240 | 240 252
- 2 2
(-2,1,3) 7 7 U | NG, 273 | 273 261
- 2 2
(-2,1,1) 7 7 U | NG, 236 | 236 238
Scenario A | (23D [U | 2 [U [ NG.D 247 | 247 | 245
(213)[U | ,2 [U [NG.D 231 [ 231 |245
(2LD U | 2 [U [NGD 243 [ 243 | 260
(23,D]U |dm |U | NGB, 259 | 259 | 269
(213U [dm [U [ NG, 231 | 231 | 245
2,0 Ju [dm [U [ NG, 242 [ 242 | 261
(223.1) | ,2 [dm [U [NG.D) 255 | 255 | 251
(213) | ,2 [dm [U [NG.D 248 | 248 | 257
(2LD | 42 [dm [ U | NG.D 251 | 251 | 234
(223D [U U [U [NGD| ,2 [144 [10 179
(213)[U U [U [NGD| ,2[133 [10 151
(2L U U [U [NGD| 42 [126 |2 144
Scenario B | (-2.3,1) | 42 | 52 | U | NG | »2 128 | 12 215
- 2 2 2
(213) | 42 [ 42 |U [NGD| 42 | 140 [ 10 230
- 2 2 2
(LD [ 2 | 42 [U NG| ,2[130 [ 11 185
- 2 2
(-2,3,1) | U 7 U | NG, 7 128 | 9 165
- 2 2
(213)[U | 2 [U [NG.D)| ,2[106 |2 192
- 2 2
(2L [U | 2 [U [NGD| 52 [120 [5 161
(223, (U [dm [U [NGD | ,2 | 144 [ 12 177
(213) [U |dm [U [NGD| ,2 [145 |7 153
(2LD (U |dm [U [NGD| 2 [141 |7 162
- 2 2
(223.1) | 42 [dm [U [NGD| ,2 [ 147 [10 200
- 2 2
(2213) | 2 [dm [U [NG.D| ,2 [ 136 |8 185
- 2 2
(2L [ 52 [dm [U [NG.I) | ,2 [ 143 |12 185
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MONTECARLO EXERCISE FOR CASE 1, ALTERNATIVE 1.2

Ml=p = F(70+71X1i + 7% +73Wi)
M2=p = F(50+51X1i +522i)

PGD: p, =F (S, +BX;+ f,%;)

Tables 4 and 5 summarise the results of this situation. A criterion behaves well if it almost
always selects M1 (approximately 500 times). When N = 2000 the theoretical results are
corroborated, so all the criteria tend to select M1, whatever the kind of explanatory variables.
However, for N = 200 we can see that the results are not so evident, although they tend to
adequate behaviour. Specifically, we can observe that differences are found when the
variables X, and X, are both uniform and the weight of X, is not greater than that of X, and
this difference is more evident for the SBIC criterion. When the DGP contains a dummy
variable, the results are in accordance with theoretical derivations.

Table 4: Behaviour of the selection criteria for Alternative 1.2. N =200

DGP Specified Model

Vi X, X, w z AIC | SBIC C,
(23,) | U U U N@3.1) 462 | 373 458
(-2,1,3) | U U U N@3.1) 500 | 500 500
(-2,1,1) | U U U N@3.1) 436 | 329 433
- 2 2
(-2,3,1) 7l U N@3.1) 500 | 500 500
- 2 2
(-2,1,3) 7l U N@3.1) 500 | 500 500
- 2 2
(-2,1,1) 7l U N@3.1) 500 | 500 500
(-23,1) | U Zz U N(3,1) 500 | 500 500
(-2,1,3) | U Zz U N(3,1) 500 | 500 500
(-2,1,1) | U Zz U N(3,1) 500 | 500 500
(23,D)]U |dm |U N@3.1) 500 | 497 | 500
(-2,13) | U dm | U INER)) 500 | 500 500
-2,,L) | U dm | U NG, 498 | 495 497
(-2,3,1) }(2 dm | U N@G,1) 495 | 462 493
(2.13) | 42 [dm |U N@G3.,1) 500 | 500 | 500
(-2,1,1) ;(2 dm | U N@G.1) 497 | 489 498
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Table 5 Behaviour of the selection criteria for Alternativel.2.N = 2000

PGD Specified Model

VA X, X, w z AIC | SBIC C,
(-23,1) | U U U N@3.1) 500 | 500 500
(-2,1,3) | U U U N@3.1) 500 | 500 500
(-2,1,1) | U U U N@3.1) 500 | 500 500
- 2 2
(-2,3,1) 7l U N@3.1) 500 | 500 500
- 2 2
(-2,1,3) 7l U N@3.1) 500 | 500 500
- 2 2
(-2,1,1) 7l U N@3.1) 500 | 500 500
(-23,1) | U Zz U N(3,1) 500 | 500 500
(-2,1,3) | U Zz U N(3,1) 500 | 500 500
(-2,1,1) | U Zz U N(3,1) 500 | 500 500
(23,D]U |dm |U N@3.1) 500 | 500 | 500
(-2,13) | U dm | U NG, 500 | 500 500
-2,,L) | U dm | U NG, 500 | 500 500
(-2,3,1) }(2 dm | U N@G.,1) 500 | 500 500
(-2,1,3) }(2 dm | U N@G,1) 500 | 500 500
(2.LD | 42 [dm |U N@G3.,1) 500 | 500 | 500

MONTECARLO EXERCICE FOR CASE 1, ALTERNATIVE 1.3

This is the most complicated framework because the DGP is not nested in any of the two

competing models.
Ml=p, = F(Vo + 71X +72Wi)
M2=p,=F (&, +35X%,; +5,W)
PGD: p,=F (,30 + B +ﬂ2X2i)
As we established in the previous section, in this context one of the following two situations

can occur:
a) f(Y;y,a)="f(,;;5",b), which implies thatE(E’[)z E(E’;) , that is to say, both
models are equivalent.
b) f(Y;7.a)#= f(Y;8",b), where it is possible that E(¢})=E(¢;)orE(¢})=E(¢}),

that is to say, equivalent models or non-equivalent models.

The implementation of this set of experiments should be based on the relationship between

the true parameter vector ( 4°) and each of the pseudo-true parameter vectors (7" and &°).

Those relationships are derived in Appendix 3. We should be able to obtain the value of S’
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from them which satisfies the equality of density functions. In other terms, if we have

y'=m(B°) and & =m,(B"), we are interested in obtaining B° that makes

f(Y,;m, (ﬁo),ai) = f(Y;;m, (ﬁo),bi). The same idea could be used in situation b) in order to

equal the log-likelihoods E(#*) and E(3,), that is to say, E [zl (mi ,BO))} —E [zz (m, ( /30))}.

Nevertheless, the non-linear equation system we should solve has insurmountable problems.
We needed to find a strategy which allows us to approximate the previous equalities of

densities and likelihoods. To this end, we generated several DGP modifying the value of the
parameter vector 3° and the kind of explanatory variables. Again, the intercept was fixed at
a value of -2, while S and p,took values in the range of (-2, 2) counting by 0.5s, and
additionally they took values 3, 4, 5 and 7. As a result of this strategy, we generated 132
different DGPs (once we eliminated the repeated combinations). Each of the outlined DGPs
led to a specific relationship between models M1 and M2: equivalent models (with identical
or non-identical densities) or non-equivalent models.

First, in order to distinguish the cases where the models are equivalent from those which are
not, for each of the N observations corresponding to a given generation, we made the

following calculation:
del,=E (£};)-E((5) i=1-,N
To obtain the values of del, we needed the relationship between true and pseudo-true

parameters. This relationship depends only on the explanatory variables, so the expression

was the same for the 500 replications.

Models M1 and M2 will be equivalents if E (/},) = E (£5) Vi, that is to say, if
del, =0 Vi=0. Nevertheless, it is very difficult to obtain, so we tried to find the proximity to

the equivalence. In other terms, E (/7,) - E (£3,) = 0, for the majority of the N observations.

Then, this information regarding the N observations was summarised as follows:

absdel = - > [E()~E(3)
1=1

The absolute value prevents the observations from balancing each other. The closest to zero
value was this measurement, the closest to being equivalent are the competing models. But,

could we use only the absdel measure to affirm that the models are equivalents? The answer
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is no, because we can obtain absdel =0 but with the majority of the observations satisfying E

(7)) > E (7)), which means that M1 is closer to the DGP.
We denoted AM1 the number of observations where E (/},) > E (/3,), that is to say, where

model M1 is closer to DGP. Under the assumption that M1 and M2 are equivalent models,
the value of AM1 should tend to N/2. Could we use only AMI1 to classify the models, without

taking into account the values of absdel? The answer is no again, because we can obtain
AMI1 = N/2 but with a large absdel value due to large differences in |E (/7,) - E (£7;)|. This

argument allowed us to conclude that there are two requirements for establishing whether the
models tend to be equivalent or not: a near zero absdel value, and an AMI value of close to
50% of the observations (N/2).

Once we established the set of equivalent specifications, we analysed whether some of them
have observationally identical densities at the pseudo-true parameter vector. To do this, we

used the following measure:
1 N
difden = WZ]difdeni |
i=1

with difden,= f (y;;7%x,%,)- f (yi,é*, X, Xz). Values of difden close to zero indicate that

the competing models tend to be equivalent with identical densities at the pseudo-trues.

We then focused on the non-equivalent models, in order find out which of them is the closest
to the DGP in each case. Given that AM1 denotes the number of observations where M1 is
better than M2, we could use this measurement to conclude which is the best model.
Specifically, in the experiments where N/2 < AM1 < N , M1 could be considered better than
M2, while M2 is better if 0 < AM1 < N/2.

We began by carrying out the strategy described above for the sample size of 2000, because
the method is based on asymptotic results. As such, we have ordered the 132 experiments
from the lowest to the highest value of absdel. Table 6 presents the experiments with the
lowest value of this measurement. Additionally AM1 and absdifden were included. Table 7

shows the experiments where the value of AMI is close to 1000 (N/2).
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Table 6: Experiments with the lowest value of absdel. N = 2000.

DGP
Experiment y's X, X, absdel AM1 | absdifden
3 (-2,1,-1) U |U 0,00716535 | 1001 | 0,0227
27 (-2,-1,1) U |U 0,00716886 | 1003 | 0,0224
28 (2051 |U |U 0,00731291 | 505 | 0,0257
4 (2,105 |U |U 0,00737039 | 1498 | 0,0261
26 (2-150) U |U 0,00989554 | 1317 | 0,0217
2 (2,115 |U |U 0,01003989 | 673 | 0,0222
25 (-2,-2,1) U |U 0,01272868 | 1469 | 0,0218
5 (-2,1,05) |U |U 0,01279404 | 1514 | 0,0513
29 (2051 |U |U 0,0127966 | 510 | 0,0510
1 (-2,1,-2) U |U 0,01315248 | 511 | 0,0226
48 (-2,1-03) U x’ 0,01515962 | 1035 | 0,0325
6 (-2,1,1) U |U 0,01854382 | 1000 | 0,0796
(-2,1,-1) U 2
47 X~ | 0,02005628 | 786 | 0,0341

Table 7: Experiments with AM1 around 1000. N = 2000

DGP
Experiment y's X, X, absdel AML1 | absdifden
2.3.- 2
57 (23-2 |U X 0,17489579 | 1011 | 0,1956
27 (2-1,1) |U U 0,00716886 | 1003 | 0,0224
3 (-21-1) |U U 0,00716535 | 1001 | 0,0227
6 (-2,1,1) U U 0,01854382 | 1000 | 0,0796
- 2
63 (2315 U X 0,25329468 | 995 | 0,2597
21 (-2,3,3) U U 0,13463303 | 991 | 0,1867
- 2 2
109 (:2.3.3) X X 0,44042798 | 980 | 0,3307

According to the strategy previously defined, and considering both tables together,
experiments 27, 3 and 6 seem to include equivalent models because the values of absdel and
AMI are close to zero and 1000, respectively. The rest of the experiments included in tables
6 and 7 only satisfy one of the requirements, so we can’t say that the models are equivalent,
but one better than the other.

Once we have found the experiments with equivalent models, we wanted to find out if some
of them have identical densities at the pseudo-trues. To do that we sequenced the experiments
according to the value of absdifden. The smallest values of the measure should correspond to
some of the experiments that we previously classified as equivalent; a value of absdifden
close to zero means directly equivalent models. Then, if the smallest value of absdifden does
not correspond to cases 27, 3 or 6, the strategy we used is not adequate. Table 8 gives the 13

experiments with the lowest absdifden value, and we can see that the three first cases are
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“non-equivalent models”. Apparently it is a problem of our strategy. Nevertheless, if we

calculate the number of ones in the sample of y;, we find that experiments 1, 2, 25 and 26

have, on average, a very low number of ones, even less than 2.5%. We know that it could be
a problem for the estimation, so we had to be careful about the conclusions in such cases. If
we omit these four cases, experiments 27 and 3 are in the first places, so we can conclude that
the competing models are equivalent with identical densities at the pseudo-true parameter
vector. However, experiment 6 has a higher value of absdifden, so it is a case of equivalent
models with non-identical densities.

Table 8: Experiments with the lowest absdifden values. N = 2000.

PGD
Experiment y's X, X, absdel AM1 | Absdifden
26 (2-1.51) |U |U 0,00989554 | 1317 0,0217
25 (-2,-2,1) Uu |U 0,01272868 | 1469 0,0218
2 (-2,1-1.5) |U |U 0,01003989 | 673 0,0222
27 (-2,-1,1) Uu |U 0,00716886 | 1003 0,0224
1 (-2,1,-2) Uu |U 0,01315248 | 511 0,0226
3 (-2,1,-1) Uu |U 0,00716535 | 1001 0,0227
28 (2-051) |U |U 0,00731291 | 505 0,0257
4 (-2,1-0.5) |U |U 0,00737039 | 1498 0,0261
2.1- 2
48 (2105 | U | » 0,01515962 | 1035 0,0325
2.1 2
47 21-1) Vilx 0,02005628 | 786 0,0341
2.1 2
46 (21-15 U | 4 0,02293526 | 668 0,0349
2.1 2
45 (21-2) Vilx 0,02491364 | 589 0,0354
29 (-2,05) |U |U 0,0127966 | 510 0,0510

Then we needed to classify the rest of the experiments, which correspond to non-equivalent
models and with this aim it was necessary to know which was the best model (M1 or M2) for
each experiment. To find out it we used the AM1 measure. Table 9 shows all the experiments
sequenced accordingly, from the highest to the lowest value of AM1.

We can see that the first part of the table corresponds to experiments where M1 is better,
followed by those where both models are equivalent, and finally those where M2 is better.
We can observe the changes from one situation to the other one. The column titled x indicates
the kind of DGP explanatory variables, which are denoted by A, B and C corresponding to
the following combinations:

A—x ~U(0,1) x, ~U(0,1)
B— x ~U(0,1) X, ~z*(1)

Cox~2" () x~z 1)
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The variable w is always generated as N(3,1). The second column shows the value of the
parameters £, and £, in each experiment. The intercept is fixed at -2 for all simulations.

As in the previous alternatives of Case 1, columns IC and C2 contain the number of times in
the 500 replications, that the criterion chose M1. We grouped AIC and SBIC into IC, because
the results of both criteria were identical. From Section 3 we know that, within the theoretical
framework, all the criteria behave well when the competing models are equivalent with
identical densities, which is the situation of experiments 27 and 3. We can observe that their
column IC and C2 values are close to 250, which means that the criteria behaves well,
corroborating the theoretical results.

On the other hand, experiment 6 corresponds to equivalent models with non-identical
densities, and the theoretical conclusion was that the IC criteria always behave well, while

C, only in some cases. By observing columns IC and C2 for experiment 6, we can see that in
this case both IC and C, perform well. Given this result for C,, we analysed the

characteristics of this experiment: the DGP variables both have Uniform distribution, and the

weights of both variables (values of 5, and f,) are similar, and not too high; this implies that
the differences between S X, and f,X, are small. We think that these characteristics could
cause C, to behave well.

Now we analysed the situation where one model is better than the other. The theoretical result
in this case enabled us to confirm that the behaviour of the three criteria is adequate. Given
the order of Table 9, we find the experiment with equivalent models in the middle of this
table. Above them (the upper part of the table) we see the experiments where M1 is better,
and below them (the lower part) those where M2 is the best model. According the theoretical
results, in the upper end of Table 9 the values in columns IC and C2 should tend to 500, and
in the lower end should tend to zero. The results obtained corroborate this behaviour in
general terms, and additionally we can see that the values in the IC and C2 columns are closer

to 500 or 0 as AM1 goes to 2000 or zero, respectively.
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Table 9: Behaviour of the selection criteria for all experiments in Alternative 1.3. N = 2000

Table 9. Part | Table 9. Part 11

N° B, B, | X absdel | AM1 | absdifden | IC | C2 jJ| N° BB, | X absdel | AM1 | absdifden| | IC | C2
104 | (3,-0.5) | C | 0.4787 | 1868 0,3525 500 | 500 76 (4,1) B | 0.2595 | 1366 0,2633 500 | 500
34 (7,1) A | 0.3660 | 1861 0,3369 500 | 500 fj 119 2,1 C | 0.3901 | 1365 0,3080 500 | 500
17 (3,0.5) | A|0.1725 | 1846 0,1867 500 | 500 30| (1.51) | A |0.0391 | 1359 0,1224 499 | 499
16 | (3,-0.5) | A | 0.1533 | 1834 0,2205 500 | 500 13| (3,-2) | A |0.1006 | 1342 0,1495 500 | 500
33 (5,1 A | 0.2985 | 1827 0,3085 500 | 500 §j107 | (3,1.5) | C | 0.4368 | 1321 0,3329 500 | 500
92 | (1,-0.5) | C | 0.2342 | 1825 0,2024 500 | 500 26 | (-1.5,1) | A | 0.0099 | 1317 0,0217 446 | 438
103 | (3,-1) C | 0.4607 | 1809 0,3167 500 | 500 ]| 88 (7,3) B | 0.2996 | 1292 0,2539 500 | 500
91 (1,-1) C | 0.2388 | 1807 0,2006 500 | 500 f 42 4,3) A | 0.1629 | 1288 0,1902 500 | 500
90 | (1,-1.5) | C | 0.2354 | 1794 0,1924 500 | 500 §j118 | (1.5,1) | C | 0.3518 | 1268 0,2843 500 | 500
102 | (3,-1.5) | C | 04174 | 1779 0,2734 500 | 500 59| (3,-1) | B |0.1604 | 1252 0,1980 500 | 500
89 (1,-2) C | 0.2295 | 1779 0,1854 500 | 500 fj 132 (7,3) C 04774 | 1219 0,3404 500 | 500
101 | (3,-2) C 04190 | 1753 0,2640 500 | 500 f) 108 3.,2) C | 04355 | 1188 0,3306 500 | 500
32 4,1) A | 0.2424 | 1751 0,2853 500 | 500 fj 131 (5,3) C | 04601 | 1156 0,3359 500 | 500
105 | (3,0.5) | C | 0.4493 | 1691 0,2460 500 | 500 f] 62 3.1 B | 0.2238 | 1154 0,2484 67 | 244
18 3,1 A | 0.1643 | 1691 0,3525 500 | 500 94 (LD C10.2914 | 1112 0,1969 441 | 451
15 (3,-1) | A |0.1308 | 1675 0,1955 500 | 500 58| (3,-1.5) | B | 0.1698 | 1112 0,2484 352 | 494
78 (7,1) B | 0.3325 | 1641 0,2970 500 | 500 f) 130 4,3) C | 0.4481 | 1093 0,3319 500 | 500
122 (7,1) C | 0.5512 | 1606 0,3913 500 | 500§ 87 (5,3) B | 0.2980 | 1067 0,2586 447 | 496
44 (7,3) A | 0.2278 | 1582 0,2181 500 | 500 ] 48 | (1,-0..5) | B | 0.0152 | 1035 0,0325 72 | 195
121 (5,1 C | 0.5037 | 1556 0,3697 500 | 500 57| (3,-2) | B |0.1749 | 1011 0,1956 41 | 322
19 (3,1.5) | A |0.1502 | 1540 0,2331 500 | 500 27| (-1,1) | A |0.0072 | 1003 0,0224 245 | 240
120 4,1) C | 0.4737 | 1538 0,3553 500 | 500 3] (1,-1) | A]0.0072 | 1001 0,0227 250 | 245
31 2,1 A | 0.0744 | 1524 0,1704 500 | 500 6 (LD A | 0.0185 | 1000 0,0796 249 | 252
77 (5,1 B | 0.2901 | 1516 0,2762 500 [ 500 63| (3,1.5) | B |0.2533 | 995 0,2597 0 0
5 (1,0.5) | A|0.0128 | 1514 0,0513 499 |1 498 21 3.3 A [ 0.1346 | 991 0,1867 240 | 223
93 (1,0.5) | C |0.2467 | 1510 0,2251 500 | 500 fj 109 3.3 C | 0.4404 | 980 0,3307 357 | 324
14 | (3-1.5) | A |0.1119 | 1504 0,1701 500 | 500 | 86 4,3 B | 03031 | 932 0,2686 0 2
4 (1,-0.5) | A |0.0074 | 1498 0,0261 484 | 484 110 (34 C | 0.4487 | 891 0,3329 0 0
60 | (3,-0.5) | B | 0.1485 | 1492 0,2036 500 | 500 64 3.2 B | 0.2781 | 877 0,2700 0 0
106 3,1 C | 0.4388 | 1474 0,3372 500 [ 500 95| (1,1.5) | C | 03364 | 835 0,2771 0 0
25 (-2.1) | A ]0.0127 | 1469 0,0218 486 | 483 | 111 3.9 C 104547 | 813 0,2318 0 0
43 (5,3) A | 0.1916 | 1438 0,2019 500 | 500 75 2,1 B | 0.2024 | 813 0,3349 0 0
61 (3,0.5) | B |0.1813 | 1429 0,2357 500 | 500 fj 129 2,3) C | 0.4403 | 805 0,3339 0 0
20 (3,2) A | 0.1365 | 1393 0,2140 500 | 500 47| (1,-1) B | 0.0201 | 786 0,0341 2 22
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Table 9. Part 111 Table 9. Part IV
N° B, B, | X absdel | AM1 | absdifden | IC | C2 jJ| N° B, B, | X absdel | AM1 | absdifden | IC | C2
65 (3,3) B | 0,3185 764 0,2878 0 0 50 (LD B | 0,2295 261 0,2339 0 0
112 3,7 C | 04572 719 0,3348 0 0 H123| (-23) [ C|0,4387 245 0,2922 0 0
128 | (1.5,3) | C | 0,4352 708 0,3338 0 0 f124 | (-1.53) | C | 0,4285 232 0,2930 0 0
96 (1,2) C | 0,3691 705 0,2994 0 0 51| (L,1.5) | B|0,3140 226 0,2856 0 0
22 (3.4 A | 0,1648 701 0,1907 0 0 10 (1.4 A | 0,2403 224 0,2829 0 0
66 (3.4 B | 0,3424 686 0,2987 0 0 H114 | (-1.51) [ C | 0,2179 209 0,1678 0 0
7] (1,1.5) | A 10,0391 685 0,1221 2 2 f125] (-1,3) [ C | 04377 208 0,3116 0 0
2] (1,-1.5) | A ] 0,0100 673 0,0222 37 | 41 52 (1,2) B | 0,3704 204 0,3191 0 0
46 | (1,-1.5) | B | 0,0229 668 0,0349 0 5 11 (1,5 A | 0,2965 195 0,3075 0 0
35 (-2,3) | A]0,0996 662 0,1476 0 0 f113| (¢2,1) | C|0,2393 194 0,1811 0 0
41 (2,3) A |0,1353 636 0,2126 0 0 69 | (-2,1) B | 0,2227 190 0,1946 0 0
67 (3,9 B | 0,3561 601 0,3046 0 0 15| (¢-1,1) | C]0,2276 180 0,1843 0 0
45| (1,-2) B | 0,0249 589 0,0354 0 2 53 (1,3) B | 0,4476 170 0,2173 0 0
117 | (0.5,1) | C | 0,2344 583 0,2161 0 0 39| (05,3) |A]0,1714 170 0,2460 0 0
97 (1,3) C | 04175 576 0,3295 0 0 38| (-0.53) | A]0,1518 170 0,3619 0 0
23 (3,9 A | 0,1965 537 0,2050 0 0 116 | (-0.5,1) | C | 0,2280 167 0,1974 0 0
68 3,7 B | 0,3752 518 0,3138 0 0 54 (1.4 B | 0,4993 162 0,2031 0 0
98 1,4 C | 0,4556 513 0,3497 0 0 70 | (-1.5,1) | B | 0,2286 162 0,3903 0 0
1 (1,-2) | A ]0,0132 511 0,0226 5 6 j126 | (-0.5,3) | C | 0,4568 161 0,3427 0 0
29 | (0.5,1) | A]0,0128 510 0,0510 1 | 79| (2,3) | B|04713 157 0,3571 0 0
28 | (-0.5,1) | A ] 0,0073 505 0,0257 10 | 13 12 (1,7 A 10,3670 137 0,3393 0 0
8 (1,2) A | 0,0739 504 0,1691 0 0 71| (-1,1) | B |0,2356 133 0,2116 0 0
36 | (-1.53) | A]0,1093 494 0,1673 0 0 56 (1,7 B | 0,5789 131 0,4345 0 0
741 (1.51) | B]02110 | 491 0,2313 0 0 55 (1,5) B | 0,5323 129 0,4094 0 0
99 (1,5 C | 0,4849 486 0,3643 0 0 80| (-1.53) | B 04772 128 0,3638 0 0
40 | (1.53) | A|0,1484 | 475 0,2302 0 0 73| (0.5,1) | B | 0,2435 104 0,2323 0 0
85 (2,3) B | 0,3654 | 444 0,3217 0 0 81| (-1,3) | B | 04853 97 0,3692 0 0
100 (1,7) C 10,5234 | 414 0,3828 0 0 72 | (-0.5,1) | B | 0,2422 84 0,2192 0 0
49 | (1,0.5) | B | 0,0979 390 0,1357 0 0 83| (0.53) | B | 04788 80 0,3722 0 0
24| (37) | A]02350| 385 | 0,2244 0 0 82 | (-0.53) | B | 04929 57| 03732 0 0
127 | (0.5,3) | C | 0,4203 329 0,3424 0 0
9| (1,3) |A]01629| 325| 02433 0| 0
84| (1.53) | B|04062 | 315| 0,1921 0| 0
37 (-1,3) | A]0,1291 315 0,3445 0 0
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Nevertheless, we observed some experiments with non-adequate behaviour. In the upper part
of the table, when values of IC and C2 should tend to 500, experiments 62, 48 and 57 have
values far less than 500. There are also large differences between the values of the two
columns. In the lower part of the table (when M2 is better than M1), we find that experiments

21 and 109 have IC and C2 column values far from 0. In order to analyse what might be the

cause of this atypical behaviour, we carried out a study of the measure absdel; = |[E (¢],) - E

(05, for i=1,---,2000, for these five experiments. We sequenced all observations from the

lowest value to the highest value of absdel; and we found that, except in experiment 21, in

the case of extreme values (the biggest or the smallest values) all were associated with the

same sign of E (/7,) - E (/£3;). In other words, all the observation corresponding to extreme

values of absdel; tend to choose the same model. This fact can lead the average value absdel
to be larger or smaller than they should be. In this case it could be that the values of IC and
C2 were affected by these anomalous observations. To prove it, we have eliminated these
extreme values, and we have again calculated every measure (absdel, AM1, IC and C2). The
results are presented in Table 10.

Table 10: Atypical experiments. Behaviour of the selection criteria.

Experiment B, B, X N AMI1 absdel IC C2
62 3.D B 1800 1144 0,1517 500 500
48 (1,-0.5) B 1750 1035 0,0097 377 499
57 (3,-2) B 1800 1003 0,12 499 500
109 3.3 C 1925 909 0,4 0 0

As we can see in Table 10, when we eliminate the anomalous observations, the behaviour of
the criteria becomes adequate. As we have previously mentioned, experiment 21 is the only
one where this pattern is not maintained. In this case, extreme values of absdel; don’t
correspond to the same selection, and we haven’t been able to find the cause of its atypical
behaviour.

As a final comment, we observed a greatly reduced number of experiments with equivalent
models. We understand that it is logical given that the experiments of alternative 1.3
correspond to pairs of models where the DGP is not nested in M1 or M2. Given that model

M1 contains the variable X, and model M2 containsX,, X, and X, being the only DGP

variables, it is difficult to find cases where both the M1 and M2 models were equivalent.
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We then re-executed the analysis using a sample size of 200. It is presented in Tables 11
through 14. As previously mentioned, we must be careful about the conclusions due to the
use of asymptotic results to classify the experiments. The measures absdel, absdifden and
AMI can be affected, and it could lead to a less than appropriate classification.

We can see the experiments with the lowest value of absdel in Table 11. Only experiments 27
and 3 have a value of AMI close to 100 (N/2). We can consider them the only experiments
which could contain equivalent models. Table 12 presents the experiments with the values of
AMI1 closest 100 and it clearly corroborates that the models are only equivalent in
experiments 27 and 3. Table 13 also shows the experiments with the lowest values of
absdifden, and we can see that experiment 27 is in the first place. This experiment can be
classified in the group corresponding to equivalent models with identical densities at the
pseudo-true parameters. However, experiment 3 corresponds to the group of equivalent
models with non-identical densities at the pseudo-true parameters.

Table 11: Experiments with the lowest value of absdel. N = 200.

DGP
Experiment yis X | X absdel AM1 | absdifden
27 (-2,-1,1) U |[U |0,00697284 97 | 0,0214815
3 (-2,1,-1) U |U |0,00754769 | 110 | 0,0228772
28 (2-051) |U |U |]0,00770398 41 | 0,0253974
4 (-2,1-0.5 |U |U 1]0,00776623 | 153 | 0,0260846
2 (-2,1-1.5) |U | U |]0,00983076 81 | 0,0221053

Table 12: Experiments with values of AM1 around 100. N = 200.

DGP
Experiment y's X, X, absdel AM1 | absdifden

6 (-2,1,1) U U 0,01879650 92 | 0,0807524

21 (-2,3,3) U U 0,16293388 93 | 0,2176746
2

64 (-2,3,2) U z 0,29387544 93 | 0,2759691
2 2

110 (-2,3.4) x x 0,50047744 93 | 0,3505065
2 2

109 (-2,3,3) Y4 x 0,45922314 95 | 0,3369146

27 (-2,-1,1) U U 0,00697284 97 | 0,0214815
2

57 (-2,3.-2) U x 0,18829923 99 | 0,2035532
2

86 (-2,4,3) U x 0,31628076 99 | 0,2746017
2

48 (-2,1,-0,5) | U x 0,01474792 100 | 0,033108
2

63 (-23,1,5 | U 4 0,24814640 100 | 0,2549071
2 2

130 (-2,4,3) Y4 4 0,46741192 108 | 0,3353497
2

58 (-23,-1,5) | U x 0,17616982 109 | 0,2021085

3 (-2,1,-1) U U 0,00754769 110 | 0,0228772
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Table 13: Experiments with the lowest values of absdifden. N = 200.

DGP
Experiment y's X, X, absdel AM1 | absdifden
27 (-2,-1,1) U |U ]0,00697284 97 |1 0,0214815
2 (-2,1-15) |U |U |0,00754769 81 | 0,0221053
3 (-2,1,-1) U |U ]0,00770398 | 110 | 0,0228772
28 (2-051) |U |U |]0,00776623 41 | 0,0253974
4 (2,105 |U |U ]0,00983076 | 153 | 0,0260846

Similarly to sample size 2000, for each experiment Table 14 gives the number of times that
model M1 was chosen. The experiments are sequenced from the highest to the lowest value
of AMI1. Columns IC and C2 should contain values close to 500 in the upper part, around 250
for the experiments with equivalent models (which have AM1 close to 100) and near zero
for the lower part of the table. This behaviour is satisfied in almost all experiments;
nevertheless, we found some atypical behaviour, which we are analyzing.

If we begin by focusing on the experiments placed between the two that contain equivalent
models (experiments 3 and 27, placed in part II of Table 14), we can say that all results could
be possible for IC and C2, given that the AM1 measure is close to N/2. Nevertheless we
observe that in the case with AM1>N/2, the values in the IC and C2 columns tend to 500,
while they tends to zero when AMI1<N/2. From this, we can conclude that the observed
behaviour is adequate.

Then we analyzed the upper part of Table 14 (above experiment 3), and we observed that
only experiment 62 breaks the pattern of adequate values in the IC and C2 columns. On the
other hand, in the lower part of Table 14 (below experiment 27) we find some anomalous
results in experiments 109, 21 and 6. Following the same procedure as with N=2000, we tried
to explain this atypical behaviour but, with a small sample size, we haven’t found the cause
of it. As we previously mentioned, we know that results and conclusions from a small sample
size are not as clear and robust. In spite of that, we can affirm that the three criteria perform

quite well in finite sample sizes.
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Table 14: Behaviour of the selection criteria in Alternative 1.3. N = 200

Table 14. Part |

Table 14. Part |1

N° B, B,y | X absdel | AM1 | absdifden | IC | C2 j§| N° BB, | X absdel | AMI | absdifden| | IC | C2
89 (1,-2) | C]0.2797 | 186 0.1762 | 500 | 500 §| 118 | (1.5,1) | C ] 0.3202 | 133 0.1048 | 500 | 500
16 | (3,-0.5) | A | 0.1537 | 185 0.1249 | 500 | 500 §| 107 | (3,1.5) | C | 0.4130 | 132 0.1456 | 500 | 500
17 | (3,0.5) | A|0.1704 | 184 0.1085 | 500 | 500§ 43 (5,3) A 02146 | 131 0.1494 | 495 | 494
90 | (1,-1.5) [ C | 0.2558 | 184 0.1721 | 500 | 500§ 88 (7,3) B | 03157 | 131 0.2055 | 500 | 499
104 | (3,-0.5) | C | 0.4603 | 183 0.2235 | 500 | 500 §| 132 (7,3) C 104727 | 131 0.1821 500 | 500
103 | (3-1) | C 04798 | 183 0.1932 | 500 | 500§ 20 (3,2 A 10.1453 | 128 0.0780 | 489 | 485
34 (7,1 A | 0.3535 | 181 0.2363 | 500 | 500f 59| (3,-1) | B ]0.1605 | 127 0.1353 | 434 | 458
105 | (3,0.5) | C | 0.4435 | 181 0.1952 | 500 | 500§ 30| (1.5,1) | A |0.0380 | 126 0.0816 | 411 | 412
92 | (1,-0.5) | C | 0.2377 | 179 0.1552 | 500 | 500 §j| 42 4,3) A | 0.1889 | 123 0.1224 | 468 | 470
33 (GR)) A 102947 | 175 0.1851 | 500 | 500 §j| 62 (3, B | 0.2021 | 121 0.0759 | 218 | 283
102 | 3,-1.5) | C | 04246 | 175 0.1510 | 500 | 500 /131 | (53) | C 04774 | 116 0.1742 | 498 | 498
32 4,1 A 02395 | 172 0.1450 | 500 | 500 §| 108 (3,2 C 04186 | 115 0.1465 | 500 | 499
91 (1,-1) | C | 0.2406 | 172 0.1531 | 500 | 500§ 94 (1,1 C 102477 | 114 0.0770 | 477 | 479
15 G,-1) | A]0.1341 | 171 0.1354 | 500 | 500 §| 87 (5,3) B | 0.3230 | 111 0.1831 389 | 454
122 (7,1 C | 0.5385 | 167 0.2184 | 500 | 500 31 (,-1) | A]0.0075 | 110 0.0408 | 258 | 272
18 3.,D) A | 0.1612 | 164 0.0961 | 500 | 500§ 58 | (3,-1.5) | B | 0.1762 | 109 0.1481 | 257 | 334
121 5,1 C 105186 | 163 0.1999 | 500 | 500 §| 130 (4,3) C 04674 | 108 0.1693 | 494 | 491
120 4,1) C 104782 | 162 0.1841 | 500 | 500 §| 48 | (1,-0.5) | B | 0.0147 | 100 0.0561 172 | 204
106 3.,D C 104223 | 161 0.3597 | 500 | 500§ 63| (3,1..5) | B |0.2481 | 100 0.1051 12 | 35
14 | 3,-15) | A |0.1184 | 158 0.1388 | 500 | 498 57| (3,-2) | B | 0.1883 | 99 0.1569 137 | 222
44 (7,3) A | 0.2410 | 158 0.1914 | 500 | 500§ 86 (4,3) B 03163 | 99 0.1628 66 | 176
93 | (1,0.5) [ C | 0.2292 | 157 0.1104 | 500 | 500§ 27| (-1,1) | A |0.0070 | 97 0.0389 | 250 | 251
61 | (3,05 | B |0.1755 | 155 0.0709 | 499 | 499 || 109 (3,3) C 04592 | 95 0.1672 | 397 | 381
101 | (3,-2) | C | 0.3448 | 155 0.1017 | 500 | 500 §| 21 (3,3) A 01629 | 93 0.0964 | 236 | 241
60 | (3,-0.5) | B | 0.1525 | 154 0.1257 | 500 | 500 f| 64 (3,2) B 02939 | 93 0.1279 1 5
4 (1,-0.5) | A | 0.0078 | 153 0.0428 | 373 | 368 [ 110 3.4 C 1 0.5005 | 93 0.1781 171 | 173
78 (7,1 B | 0.3355 | 153 0.2164 | 500 | 500 6 (1,1 A 00188 | 92 0.0748 | 241 | 250
31 2,1 A [ 0.0721 | 150 0.0753 | 491 | 492 | 111 (3,5 C | 0.5105 | 88 0.1834 51 | 58
19 | 3,1.5) | A[0.1515 | 148 0.0833 | 500 | 500 f| 65 (3,3) B 03294 | 83 0.1539 0 0
5 (1,0.5) | A |0.0124 | 146 0.0599 | 387 | 383f 47| (1,-1) | B |0.0209 | 82 0.0625 77 | 115
13 (3,-2) | A]0.1090 | 146 0.1362 | 484 | 488 | 113 | (-2,1) | C | 0.1762 | 82 0.1116 0 0
77 5,1 B [ 0.2948 | 144 0.1694 | 500 | 500 | 112 3,7 C 104958 | 82 0.1936 4 5
119 2,1 C | 03630 | 144 0.1291 | 500 | 500 2] (1,-1.5) | A | 0.0098 | 81 0.0420 180 | 187
76 4,1 B | 0.2520 | 143 0.1233 1497 | 499 95| (1,1.5) | C ] 0.2899 | 81 0.0872 137 | 149
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Table 14. Part 111

Table 14. Part IV

N° 131 , ﬂz X | absdel | AM1 | absdifden | IC | C2 | N° ﬂl , 132 X | absdel | AMI1 | absdifden | IC | C2
129 | (2,3) | C | 04561 79 0,1671 | 81 | 78 l 10| (14 |A|02477| 25 0,1481 | 0 | 0
22| (34 | A]0,1957 76 0,1257 | 36 | 40 |l 69| (2,1) |B |0,1942 | 24 0,1695| 0 | 0
75 @1 |B|01772 75 0,0699 | 1 1 §l 50| (1, |B[0209 | 23 0,1207] 0 | 0
128 | (1.5,3) | C | 04489 73 00611 2 | 2 11| (1,5 |A]03071 23 0,1859| 0 | 0
66 | (34 |B]|03357 72 0,1736 | 0 | 0 f 37| (-1,3) |A|0,1372| 22 0,420 0 | 0
114 | (-1.5,1) | C | 0,1620 70 0,114 0 | o fl 70| (-1.5,1) | B | 0,2024 | 22 0,1721] 0 | 0
67| (35 |B|03480| 70 0,1872| 0 | 0 f116 | (-0.5,1) | C | 0,1680 | 21 0,1523] 0 | 0
41| (23) | A 01536 | 68 0,0831 | 10 | 10 fl 54| (1,4 |B|0,5059 | 21 02055 0 | 0
23| (35 | A]02232 68 0,1507 | 1 | 3 § 53| (1,3 |B|04759 19 0,1887| 0 | 0
9% | (1,2 | C 03368 68 0,0061 | 3 | 6 l 71| (-1,) | B | 0,2096 18 0,1727] 0 | 0
46 | (1-1.5) | B | 0,0235 67 0,0655| 56 | 79 0 79| (-23) | B |0,5005 18 02460 | 0 | 0
71 (1,1.5) | A 0,0412 62 00852 | 68 | 71 fl 55| (1,5 |B|0,5281 18 02225 0 | 0
98| (14 [C|05004| 62 0,1664 | 0 | 0 f 39| (053) |A|0,1774 16 0,140 | 0 | ©
117 | (0.5,1) | C | 0,1671 61 00873 | 2 | 4 | 38| (-0.53) | A|0,1599 15 0,1322| 0 | 0
9| (1,5 |C]|05479 61 0,1753 ] 0 | o f 51| (1,1.5 | B | 0,3050 15 0,1488| 0 | 0
68| (3,7 |B 03655 60 02018 0 | 0o fl 12| (1, | A 03724 15 023201 0 | 0
45| (1,-2) | B | 0,0249 59 0,0670 | 54 | 66 §1123 | (-2,3) | C | 0,5429 15 0,1907| 0 | 0
85| (23 |B]|0381l 58 0,152 0 | 0 f 56| (1,7 |B|0,5717 15 02391 0 | 0
97 | (1,3 [C | 04210 | 58 0,1445| 0 | 0 fl125| (-1,3) | C | 04711 14 02393 0 | 0
35| (2,3) | A]0,0995 55 0,1357 | 18 | 22 |l 80| (-1.5,3) | B | 0,5085 14 02470 | 0 | 0
8| (12 | A]00776 | 52 00799 | 7 | 6 f124| (-1.53) | C | 0,5341 13 02152 0 | 0
100 | (1,7) [ C | 05698 52 0,1808 | 0 | 0 ll 72| (-0.5,1) | B |0,2185 10 0,691 0 | 0
40 | (1.53) | A]0,1581 48 00883 0 | 0 f126| (-0.5,3) | C | 0,4508 10 02322 0 | 0
29 | (051) | A]00134| 47 0,0629 | 91 | 93 fl 73| (0.5,1) | B | 0,2233 9 0,1460 | 0 | 0
49 | (1,05) | B | 00849 | 45 00871 0 | 0 [l 81| (1,3 |B 05161 9 02420 0 | 0
24 | (3D | A]02441 44 0,1858| 0 | 0 f 82| (-0.53) | B | 0,5256 8 02317 0 | 0
74| (151) | B|0,1896 | 43 00932 0 | 0o f 83| (053) | B |0,5139 5 02044 0 | 0
36 | (-1.53) |A]01139] 42 0,1425| 2 | 2 J130| (-0.5,1) | B | 02422 | 84 0,1731] 0 | 0
28 | (-0.5,1) | A[0,0077 | 41 0,0422 | 146 | 1451131 | (0.53) | B | 0,4788 80 02054 0 | 0
84 | (1.53) | B| 0,4258 36 0,1730 | 0 0 §{132 | (-0.5,3) | B | 04929 57 0,2276 | 0 0
9| (1,3 [A]0,169 | 34 0,1018| 0 | 0

115 | (-1,1) | C | 0,1359 33 0,1180| 0 | ©

127 | (0.5,3) | C | 04091 28 0,1650| 0 | 0

52| (1,2) | B 03832 ] 26 0,1713] 0 | 0
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MONTECARLO EXERCISE FOR CASE 2

MI:p, = F(y, +7,X; +7,%)
M2:p, =F(5,+9,X,; +9,2,)

PGD: p, =F (8, +BX;+ %)
Similarly to Alternatives 1.1 and 1.2 of Case 1, we know which is the best model so we don’t
need to elaborate the complicated design of Alternative 1.3. Model M1 is the best, and it
should be reflected in the results contained in the following tables.

From Tables 15 and 16, we can see that the theoretical results we obtained in Section 3 for

Case 2 have been corroborated.

Table 15. Behaviour of the selection criteria for Case 2. N = 200

DGP Specified model

Y X, X, w z AIC | SBIC C,
(-23,) | U U U NG, 1) 487 | 487 483
(-2,13) | U U U NG, 1) 500 | 500 500
-2,LH) | U U U NG, 1) 470 | 470 462
- 2 2

(-2,3,1) 7y U N@3,1) 500 | 500 500
- 2 2

(-2,1,3) 7y U N@3,1) 500 | 500 500
- 2 2

(-2,1,1) 7y U N@3,1) 500 | 500 500
(223D [U | ,2|U NG3,1) 500 | 500 | 500
(213) [U | 2 |U N@G3,1) 500 | 500 | 500
(2L [U | 2 |U N@G3,1) 500 | 500 | 500
(23,1) | U dm | U IN[ER)) 500 | 500 500
(-2,1,3) | U dm | U N@3,1) 500 | 500 500
(-2,1,1) | U dm | U N(3,1) 499 | 499 499
(-2,3,1) )(2 dm | U N(3,1) 495 | 495 495
(-2,1,3) Zz dm | U N@G3,1) 500 | 500 500
(-2,1,1) Zz dm | U N@G3,1) 499 | 499 499
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Table 16. Behaviour of the selection criteria for Case 2. N = 2000

DGP Specified model

VA X, X, w z AIC | SBIC C,
(-23,1) | U U U NG, 1) 500 | 500 500
(-2,1,3) | U U U NG, 1) 500 | 500 500
(-2,1,1) | U U U NG, 1) 500 | 500 500

- 2 2
(-2,3,1) 7y U N@,1) 500 | 500 500

- 2 2
(-2,1,3) 7y U N@,1) 500 | 500 500

- 2 2
(-2,1,1) 7l U N@3,1) 500 | 500 500
(-2,3,1) | U Z2 U N@G3,1) 500 | 500 500
(-2,1,3) | U Z2 U N@G3,1) 500 | 500 500
(-2,1,1) | U 752 U N@G3,1) 500 | 500 500
(23,)|U |dm |U N@G3,1) 500 | 500 | 500
(-2,13) | U dm | U NG, 1) 500 | 500 500
-2,LH) | U dm | U NG, 1) 500 | 500 500
(-2,3,1) 12 dm [ U N@G,1) 500 | 500 500
(-2,1,3) 12 dm [ U N@G,1) 500 | 500 500
(2LD | 42 [dm |U N@G3,1) 500 | 500 | 500

5. - CONCLUSIONS.

The study of some model selection criteria applied to overlapping binary models was the

purpose of this work. We focused on the AIC, SBIC and C, criteria. The first two are
recognised as Information Criteria (IC), while C, is based on the Mean Square Error of

Prediction.

In this context, two binary models are overlapping if both are the same functional form (both
probit or both logit), have some common explanatory variables and some specific variables.
In this article we analyzed the methodology for selecting the best model among a group of
binary overlapping models. We considered only two competing models, but the results
obtained can be extended to selection among a larger number of models. This is one of the
advantages of the selection criteria against the hypotheses testing procedures, because the
latter only chooses between a pair of models.

One important aspect of our work is that one of the alternatives we considered is the situation
where the true model (DGP) is not included in the two competing models.

We also analyzed the more common situation considering that one of the two models is

correctly specified, that is to say, one of them belongs to the DGP family of models.
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We carried out theoretical analysis to find out the behaviour of the three criteria. Then, if we
know the DGP and the two competing models, we could find (theoretically) the relationships
between the latter: 1) if the pseudo-true parameter vector of one model converges to the true
parameter vector, then this model is the closest to the DGP, and it is better than the other
model; ii) if both pseudo-true parameter vectors converge to the true vector, both competing
models are equivalent; iii1) if both pseudo-true parameter vectors do not converge to the true
vector, then any relationship can occur (equivalent or not), and it becomes the most
interesting and complicated case to analyze.

Once we knew the theoretical relationship between the competing models, the objective of
our study was to find the behaviour of the three selection criteria. To achieve that, we needed
to answer the question: what is the requirement that a given criterion must satisfy to be
considered as adequate? Specifically, if two models are equivalent, the probability limits of a
given criterion must be the same in both models. However, if one of them is better, its
corresponding limit must be lower than that of the other model. The theoretical analysis

carried out confirms that all the criteria perform well in every situation. Only C, does not

behave well sometimes in a specific alternative.

These theoretical results have been corroborated through a Monte Carlo experiment. The
most complicated situation to simulate was, as we expected, that of two models whose
pseudo-true parameter vectors don’t converge to the true, so any relation between them can
happen. In this case, we had to generate 132 different DGPs, leading to 132 different
experiments. We want to point out that this is the situation where a small sample size affects
more the results. Additionally, with these experiments we were able to characterise the

specific situation previously mentioned, where C, may not perform well.

In general terms, we can say that these three criteria behave well in overlapping binary
models: when the two competing model aren’t the DGP, the criteria tend to choose the best of
them, that is to say, the closest to the DGP. In the most commonly studied case where the
DGP is included in one of the competing models, our conclusion is that the criteria also

perform well, as we expected.
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APPENDIX

Appendix 1: Derivation of C, criterion

Following Linhart and Zucchini (1986), the general expression of any criterion can be

derived as:

A A

trQ'y

R=A,(f)+ (A1.1)

where Q and 3 are consistent estimations of the Q and ¥ matrices, whose elements adopt

the following form:

o e [Fa)
J | Op0B; |
Zij = Eo [6A('H*) [6A('H*)] i,j=1,2,...k
e

Next, we derive the expression (Al.1)) for the discrepancy underlying the C, criterion, that
is:

A(B) = Ey(y, —F(x,8)’ (A1.2)
where p denotes an out sample observation.

From (A1.2) the associated empirical discrepancy is given by:
1< ,
AN(ﬂ):WZ(yi -F(XB)’ (A1.3)
i=l

The first term of (Al.1) is obtained replacing £ in (A1.3) with the minimum discrepancy

estimator, which is calculated as:
- 1Y )
f =arg ming WZ(yi —-FX{B))
i=1

Given the discrepancy (A1.2), in order to obtain the second term of the criterion we take into

account that:

o E{a (¥, —F(X, 8) } AL

opop’

. E{@(yp ~F(,8) Ma(yp—m;ﬂ*)) ] ALS)

op op'

To develop these expressions, we use the following results:
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a(y, —F(x,8))’
op

2’ (y, ~F(x, )’
opop’

Substituting (A1.7) in (A1.4) and evaluating S at 8", we obtain:
Q=E,QF(x, 8 )x,x;)=2f*(x, )X, X}

Since under correct specification, it holds that E,(y, —F(x}8"))= 0, the estimation for the

= =2y, ~F(x8) f(x,8) X, (A1.6)

= —2|- £20x, B)| %, X! =2y, = F(x, BN (X, B)X, X, (A1.7)

Q) matrix is:

Q =2f2(x) B)x, X, (A1.8)
Substituting (A1.6) in (A1.5) and evaluating S at ", results that:

T = 4E (Y, —FOGB N F2GA) XX,

and its estimation is:

(v, —~F(B)’} £2(X, )% X, (A1.9)

Mz

W
S=4{—
{N.

Il
—_

From (A1.8) and (A1.9) we obtain:

> (v, —FXA))

O E=20 12X, ) X, X, T [fz(X’pﬁ)XpX’p]{ﬁ

- ﬁz (v, ~ F(X )’

and:

tr (Q'3)= %SSD (A1.10)

with SSD = i (y; -~ F(X3))

i=l
Taking into account (A1.3), but using B instead of /3, together with (A1.10), we obtain the

C, criterion expressed in (9):

2k & SSD( 2k]
N

J A

WZ (Vi —FOB) + =52 (Vi —F(B)'=—=
i=1 N i=1

Appendix 2: Study of the performance of the criterion C, when F, (0, 0.5) or (0.5,1).

As we can see in (52), the superiority condition of M1 against M2 is written as follows:
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Foi 1-Fy;
R (=R (A2.1)
in 1- Fli

2.1. F,; € (0,0.5).
In this range the following may occur:

2.1.a. F, >F, (A2.2)
2.1b. F, <F, (A2.3)

1

F, “F,
2.1.a. From (A2.2), we see that —~>1 and ——2->1, and both terms decrease with the

2i li

exponents F; and 1-F; respectively, but the decrease will be larger for the one with the

0i
smallest exponent. Given that we can’t clearly establish such a relationship, we analyse both

situations separately.

1) :z—: > % (A2.4)
Here, (A2.1) can be only satisfied if F, is not too small, that is to say, F, = 0.5.
Continuing (A2.4), we have:

Fi-Fi>F-F=>F+F)-(Fi-FR)>(F - F) (A2.5)

and given that F, >F,, we obtain F, +F,, <1.

.. Fi _1-F,

i) - < ﬁ (A2.6)

2i li

Given that Fj; < (1- F,), we can conclude that under (A2.1), condition (A2.6) will

never be satisfied.

F. 1-F, .
2.1.b. From (A2.3) we see that —- < 1 and ——2"< 1, and both terms increase

2i 1- li
with the corresponding exponents; the term with the lowest exponent increases more than the
other term. As in the previous case, we have two situations:
Fo o 1=Fy

1) s 2i
F, 1-F

li
Similarly to (A2.5) this case implies that (F;+F,) > 1. Given the relationship
between the exponents (F, < (1- F,)), the superiority condition (A2.1) will be

satisfied.
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iy Fi 1P
F 1-F
From this expression we find that (F,;+F,) < 1. In this case, (A2.1) will be
satisfied only if F; is small enough (F,=0).

In summary, when F, € (0, 0.5), the situations where the superiority condition is satisfied are

the following:
A F<F, v F+F;>1
B. F,>F, y F,+F, <1 y F,;=05
C. Ry<F, v F+F,<1l y F;=0

In order to verify if these three situations lead to the C, criteria behaving well we analyse:

N [(Fli - F2i)[F1i + in _2F0i]]

plim[C, M1)- C, (M2)] = - N (A2.7)
This criterion will behave adequately if:
plim[C, M1)- C, (M2)]<0 (A2.8)

In Situation A, it is evident that the inequality (A2.8) holds regardless of the value of F; in
the analyzed range. For B, we can see that if F is not small, it will very often happen that
F,+F,;<2F, and then, (A2.8) will hold. Nevertheless, we want to point out that we assume

that every relationship we are analyzing is satisfied on average, and that it can occur that the
corresponding inequality does not hold for some i elements. For C, it is very possible that
F,+F,-2F,;>1because F,=0 and then (A2.8) is satisfied.

2.2. F,; € (0.5, 1). We again distinguish between two possible cases:

22.a F, >F, (A2.9)

22b F, <F, (A2.10)

F. 1-F,
2.2.a. From (A2.9) we have —-> 1 and ——2-> 1 and, both terms will decrease with the
2i R

exponent; the term with the lowest exponent will decrease more than the other. Analogously
to case 2.1.a., it can occur that:
F 1-F

|)i> 2i
2i 1-F

li
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This inequality leads to (F,;+F,) < 1, and the superiority condition (A2.1) will

always hold, given the relationship between the exponents F;, > (1-F,).

jj) I < -2

F, 1-F
in 1_Fli

This expression implies that (F;+F,) > 1. To arrive at the condition that (A2.1) is

satisfied it is required that Fj = 1.

F _F,
2.2.b. From (A2.10), =< 1 and ——2-< 1 so both will increase with their corresponding
2i i

exponents; the one with the lowest exponent will be the term which will increase the most.
We again analyse the two possible situations:
F 1-F

1) i 5 2i
2i 1- Fli

We have (F; +F,;) > 1 and the superiority condition (A2.1) will be satisfied if F is
not too large, that is to say, F, =0.5.

F. 1-F,
i) < —2
Fa 1-F;

This leads to (F,; + F,;) < 1, but it will not be satisfied under (A2.1)
In summary, the cases with the condition of superiority when F; € (0,5, 1) are:

D. F,>F, y F,+F, <l

E. FR>F, vy FR+F>1 y F;=l

F. R, <k, vy FR+F,>1 Yy F;=05
Now we want to verify that C, performs well in the three situations D, E and F. To do that,
we use expressions (A2.7) and (A2.8). In D, given that Fj e (0.5, 1) inequality (A2.8) is
clearly satisfied. In E, inequality F;+F,;<2F, will probably hold if F is close to 1 and
then, (A2.8) will be satisfied. In F, it is easy that 2F;= 1 because F,= 0.5, meaning that
F,+F, - 2F, will be positive and (A2.8) verified.
Appendix 3: Derivation of the relationship between the true parameter vector and the

pseudo-true parameter vectors

We assume two binary models:
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MA: p; =F(X{8)
MB: p. =F(z/a)

Given that our models are overlapping, the cumulative distribution function (F) is the same in
both specifications, and the matrices X and Z are not nested.
Without loss of generality, we assume MA is the DGP.

To find the relationship between the true parameter vector ( 4 ) and the pseudo-true parameter

vector (") we use the first order condition associated to the pseudo-true parameters:

E{aﬂ ~0
oa

where Edenotes the expectation under MA and 7 is the log-likelihood function associated

with MB. This condition, defined in White (1982), results in:

N F(xf)-F(zja")
Z F(zia)[1-F(zla") |

f(zja™)z; =0

N N
= Y FXP) Azia ) z,= Y F(zja") Azja") 7, (A3.1)
i=1 i=1
where A(e)= L
F(o)[1-F(9)]
From (A3.1), we use the Taylor extensions F(z/a")A(z/a") and A(z/a") , both around f£.
To consider a general framework, we define m; a row vector of variables which includes all

the non-repeated variables of X/ andz/. Additionally, we define S° anda™, which are
extended £ and «, with zero elements in the places corresponding to variables not included

in X/ and 7, respectively. The mentioned Taylor extensions are:
F(zia') Azia") = F(mia™) Amia™)

=F(m{") AmB") + [ F(m{B") A(m;B") +F(m{B*) A'(m{B") I m{(a™ - %) (A3.2)
A(zia")= Ama™) = A(M{B") + A(m{B°) mi(a™ - B") (A3.3)

Replacing (A3.2) and (A3.3) into (A3.1) results:

ZF(m{ﬂ')A(m{ﬂ°)Zi + ZF(m{ﬂ')A'(m{ﬂ') mi(a™ - f%) 1,
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= Y RMA)AMA )z, + Y HmpHmi@” - 4°) 7, (A3.4)
Being:
H(m5%) = f(mig*) A(mp*) + ZF(m{ﬂ°)A'(m{ﬂ°) (A3.5)

Simplifying (A3.4)* we obtain:
N N
Y FEMBHAMBY) mi(a™-F%) z,= Y HMB) mi(@™-p) 7 (A3.6)
i=1 i=1
and we also replace expression (A3.5) of H(m;f3") , resulting in:

2, FMBHAMB) mi(a™~p") z,=0

i=1
N N
= Y FMAHAMB) M a"z, =) fmBHAmMB) m Az (A3.7)
i=1 i=1
We know that m! a™ =z @ and m/ p° =x/ [, so (A3.7) can be equivalently expressed

as:

N N

ITAAXS) (zia)] 2= D LEAAXS) (X )] 7,

i=1 i=l
or in matrix notation:
Z'NZa" =Z'VNX p (A3.8)
where Z and X are (N'kz) and (N-k;) matrices, * and g are (k,-1) and (k1) vectors ,
respectively, and V is a diagonal matrix with elements f(X/£) A(X/f), i=1,---,N.
From (A3.8) we obtain an expression of a” as a function of 3 :

a'=@2ZNZ)Y'Z'VX B

3 Specifically, result (A3.4) would be an approximation against equality, because the residual terms of both
Taylor expansions are different; nevertheless, such residual terms can be considered as negligible for a fixed
sample size. But if N tends to infinite (which is our usual framework), we must be sure these residual terms are

zero, which is demonstrated by using the Central Limit Theorem.
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